Quantum Operation

+ A general theory of p — &(p) capturing all physically possible dynamic changes to a state

» For example, unitary evolution or measurements
« Physically possible dynamic changes associated with maps on the set of density operators

« System Q coupled with environment £

« Model 1: QF starts in p ® p” and undergoes U
. p oty (U(p ®pE)UT)
« Analysis: without loss of generality we assume p£ = | 0;)(0;| —use purification

. Let {|ig)} be basis for E, define E; = (i | U | 0) (operator on Q), then p Z EipEl.T

e Ulw) 10y = Y (gl UL0)Aw)) lig) = X (Elw)) lig)

« E;|y) is the “Q-vector” component of |ig) in U|y)|0g)

. Conversely, E;r | ) is the Q-vector component of |0g) in U |w) | ig)
o g (Ulp ® 100 NUT) = Y (il U(p @ |00 DU |ig) = Y (ig| U10g)p(0x | U i) = ) EipE
. Z EI.TEI- =] &S pety (U(p ®pE)U%) corresponds to (measuring Q by {E;}) or

(measuring E in computational basis) after undergoing U with result of measurement lost

« Partial effects of joint unitary evolution <= measurement with outcome lost

« Example: Consider single-qubit Q, E with U = |0){0| ® I+ | 1){1| ® X, then
U(a]0) +p11)10) = a|00) + f|11). Then E;(a|0) + S| 1)) = a|0) = E; = |0)(0],
similarly £, = | 1){1].

+ Lost measurement in computational basis corresponds to unitary evolution of U |y | 0)

X Y X Y
Us—Q®I+— ®X, then U |0 N0y ={— 0+ — 1
. \/5® +\/§® en U(a|0) +£11))]0) (\/zlt//))I >+<\/§Iw>>| )

« E,=X/\/2, E, =Y/\/2, corresponds to applying X, Y randomly with probability 1/2
0 1

+ Model 2: QF starts in p @ o, undergoes U and joint projective measurement { P, }

» Remark: General measurement = unitary evolution + projective measurement

. Let &, (p) =trg (P, U(p ®)U'P,), 6 = qulj)(jl cand Ey = /q; - (kg P,Uj)

c Eu0) = X g5 s (PUG ®1INIDU'P,) = ¥ EypE]
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. Givenany {&, } such that Z &, is trace-preserving, introduce E with basis |m, k), initial

state |0)g, U: U|y)|0)p = ZEmkll//> |m, k), and P,, = Zklm,k)(m,kl , then
try (PmU (p ®10),(01) U‘me) =& (D&, (p)
. {&,) model-able as &,,(p) = try <PmU (p ®10):(0]) U"'Pm> = & (p) = Z E,.PE',

. Trace-preserving: &(p) = tr <U (p ®10)0]) U"'> = &(p) = Z EpE/, Z E'E =1

« Axiomatic approach: we define a dynamic change & to system Q in state p by:

« Nonnegative probability: With initial state p, & occurs with probability tr (%(p)) € [0,1]

» Mathematically convenient definition to help cope with measurements

. Convex-linear: & < 2.191'9;‘) = Z_pi%(pi)

. £(p) £(p)
. Wewishthatp ~ {p,p;} = tr(%(p)) {tr(%(p,-)) .D;}, then
e B oy _ P (8())
E(p)=tr(& &) ———. E)=——"—"Vyi
)=t (80) F, 01 8) 2. 890 | ) = S il avo

+ Completely positive: For any (including trivial) system R, I ® & maps to positive operators

o Ifp = trQ(pRQ) then after & the joint state is still in a valid density matrix

» Remark: positive does not imply completely positive: consider positive map p — pT
applied to the first qubit in f3,,. Then (p — p" ® I) transposes the 2 X 2 blocks
1

"®I 1
(P'—’PT®I)ﬂ00=(pHZ® ) =3 ) with

—_—0 O =
—_—0 O =

0
0
0
0

S O OO

. Theorem: & satisfies axioms above <= &(p) = Z.Ei/)E; and Z.El."'pEi <I
l 1
. Z _ El»pEl.T obviously satisfies axioms 1 & 2, to show complete positivity: let A be any
1

positive operator on RQ, and | ) be any state of RQ, then by A positive
WII®BAIy) = (y| Y, U®E)AURED|w) = ) (wII®E)AURED |w) 20

- Conversely, let { |ig)}, { |ip)} span R, O and define maximally entangled state

@)= Y lilighand o = U @ &) a)al) = X (1in)il ) @ 8 (1ig) o] )

i



. Forany |y) = Z w;|ip) on O, define ) = Z w*|ig) on R. Then

o1y = 1 Y Liiel ® & (lighiol ) 17 = 2w &(1igh i) = E1w)w D)
. Leto = Z | s;)(s;| be some decomposition of ¢, then E;|w) = (| s;) satisfies

D Elw)w|E = Y (F|s)s| %) = (o)
+ Remark: I @ &’s action on maximally entangled state of O R uniquely determines &
. & satisfies axioms <> &(p) = Z EpE;, Z E'E <] < &p) =t (PU (p ® o) U"‘P)
« Unitary freedom in operator-sum representation
« {E}, {F,} equivalentif Y EpEl =Y FipF{ <> V|j), Y E|)GIE = Y Fli)}ilF}
« {E, F,} equivalent < V|j),{E.|j)}, {Fi|Jj)} generate the same density matrix
. Recall Y¥' = @' < ¥ = ®dUthen Vi, E;|j) = Ziukl-FkIj) = E, = Z u Fy
« {E.}, {F},} equivalent < E = UF with E; = E, for unitary U

» Matrix multiplication with operator as elements

1 Z E, I {1 1 F
Example: E, = —,E, = — F, = F.o=11¥1 -
L TR \/E ? Fi=10001, B =111 l’[Ezl \/5 [1 _1] le

NG

« Any operation over E with dimension d may be described by at most d? operation elements
« Assume we have more than d? operators {E;}

« Recall Hilbert-Schmidt inner product (A, B) = tr (AJ(B)
. Let W, = (E, E)). Easy to see that W' = Wis Hermitian

« Lemma: W has rank at most d?

« At most d? linearly independent operators, so we have row dependence from

— T — T —

 Diagonalized W has at most d? nonzero diagonal entries, then equivalent operator set W E

has at most d’effective elements

» Trace and partial trace as quantum operation
. Trace: Let E; = |0)(i|, then &(p) = 2 [0)(i|p|i){0] =tr(p)]|0){O0]

- Partial trace: Given joint system QR with | i) ® | jg) basis, then

E, < 2 Ailig) |jR)> = Al ko) satisfies &(p) = Z Ekalj = trp (p)

. 2 a;; Ek|iQ> |jR><Ek| iQ> |]'R>)Jr



« Single-qubit quantum operations
» Trace-preserving operations on single-qubit correspond to affine maps on the Bloch sphere

_Uw)yl) o R (ly)wl)-o
B 2 2

. Recall: ¢ : |y){y| is linear, and aily/)(wlaf =

where R; =1, R y =R, (7/2)

ag{x,y.z



Quantum Error-correction

« Formalism of error-correction
« An quantum error-correcting code is a subspace C of larger Hilbert space with projector P
+ Noise and recovery are &, X respectively with tr% = 1 (recovery must certainly happen)
» Error-correction condition: Vp € C : (R - &)(p) x p

« Theorem: Exists ECC for &(p) = Z EipElT — 3U: PElTEjP = U,;P for Hermitian U

- Consider diagonalization U = SDS" and the equivalent operator set for &: F = SE
& F,= ) SE,then PF'F,P = Z S%S, - PE/E,P = Z SESyUP = dyy P

[pEi R p— [T . FPU]
V Gk
« Recall: projector P must satisfy (Px,x — Px) =0 < P’ =P'PandImP =ImA

_ U,PFITF,(PUT U,d, U}
. Now PP, = PP, = =0impliesk # ! = Im(U,P) L Im(U,P)

V dudik

« Syndrome measurement corresponds to P, = UkPUkT and correction UT

« Theorem: & constructed above for & = {E;} also corrects any error # = { 2 m; E;}

« Corollary: we can instead talk about a set of error operators which are correctable



Quantum Error-Correcting Codes
« (Al arithmetic operations taken over Z, in this section)

« A[n, k] classical linear code is a subspace C C Z, with dim k. It encodes k bits into 7 bits

« Codes are specified as a subspace so may be uniquely determined as kernel or image

* Remark: linear codes are closed under addition

« Generating matrix G € Zng, C = Im(G) specifies encoding E(x) = Gx € Z’z”<1
 Decoding D(y’) = argmin, [d(Gx,y’)]

. Parity check matrix H € Z(zn_k)x”, C = ker(H ) facilitates

 Lety =y +e = Gx + e, then Hy' = He characterizes the error syndrome.

« If error syndromes distinct H ({¢;} = {He;}) then we can identify and correct e, from HYy'
« To ensure dim C = k both H, G must have full rank
. C=Im(G)=ker(H) = HG € 72" =0

1
H=[A€ Zé”‘k)Xklln_k] = G = [ ’;J . These are called the standard form

+ Define Hamming distance d(x, y) as the number of indices in which x, y differ
+ The Hamming weight wt(x) = d(x,0).x +y =x—y = d(x,y) = wt(x + )

Define the distance of code d(C) = min d(x,y) = min wt(x)
x,yeC,x#y xeC-{0}

+ Letd =d(C),wesaythat Cisan|[n,k,d] code
« Theorem:a[n, k,d] code with d > 2t + 1 corrects error on up to ¢ bits

« y=Gx,y =y +e Nowd(y,y) < twhile min d(yy,y,) = 2t + 1. Decoding is unique

MIEAY)

If any d — 1 columns of H are linearly independent but some subset of d columns are linearly
dependent <= C = ker H has distance d
« Recallx € C < Hx =0.1fx # 0and Hx = 0, condition above implies that x cannot

have < d — 1 nonzero entries. The converse is also true

Singleton bound: an [n, k,d | code satisfiesn —k > d — 1
« An[n,k,d] codehas H € Z(z”_k)xn of full rank. Some subset of n — k + 1 columns must
be linearly dependentsod <n —k + 1

+ Remark: H full rank => some (generally not all) n — k columns are independent, so the last

result does not implyd — 1 =n — k
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« Hamming codes: Given r € N, let columns of parity check matrix H, € Z;X(Zr_l) be all r-bit

nonzero strings, then H, defines a [2" — 1,2" — r — 1] linear code
« All Hamming codes have distance 3: any two columns are different and some three columns

are independent. Hamming codes are [2" — 1,2" — r — 1,3] linear codes

00O0T1TT1TT11
Example: ;=10 1 1 0 0 1 1
1 010101

 Gilbert-Varshamov bound: for large n there exists [n, k,d > 2t + 1] code for some k s.t.
kin>1—HQt/n)with H=— xlogx — (1 — x)log(1 — x)
» Prove the Gilbert-Varshamov bound
« Given an [n, k] code C, its dual code C* has generator H' and parity check matrix G
e xe€CH &= Velx =0 < x ekerGI' = G parity checks C*
« A code is weakly self-dual if C C C* and strictly self-dual if C = C*
. Over C,R fields, C* N C = {0} but over Z, field C* N C can be nontrivial
+ Remark: Hamming distance is not a valid inner product in strict sense e.g. d(x, x) can be 0
for nonzero x, but it obeys triangle inequality
« Code with generator G is weakly self-dual <= GG =0
« Follows from definition: GG = 0 < ImG C ker G”

, 0 if y ¢ Ct
Lemma: (=1)¢ =
2 { |C| ifyect

ceC
c yeECt = Ve e(C y-c=0
« yE€Ct = 3¢y €C:cy-y =1thenforeveryc:c-y=0wehave(c +cy) -y =1
+ Bijection between {c € C:c-y=0}and{c € C:c-y =1}
» Calderbank-Shor-Steane (CSS) codes
« Given [n, k] code C, and [n, k,] code C, s.t. C, € C| and C}, C2L both correct ¢ errors

« dimC, =dimC} =t =k =t,n—k, =1 andk, <k
« Remark: we’re assuming bit then phase error, but it’s without loss of generality up to ¢, ¢,
+ We can construct an [n, k; — k,] = [n,2¢t — n] quantum code CSS(C;, C,) as follows:

. Definex +C,=[x]2={x' € C,: x' —x € G,} € C,/C,

1
For each unique [x]2, define | [x]??) = ——— Z |x +y)

) V |G yeC,

- Define CSS(C,, C,) = span({[x]2)}), then dim CSS(C,, C,) = k; — k,



o |[x]%) is well-defined i.e. x —x' € C;, => |[x]2) = | [x']?2)
s Jx+(eC)=lx++x'—-x€(C))
o |[x]€2) is orthonormal: [x]<2 # [x']1©2 = Ay, y», € C: |x +y,) = | X' +y,)

« Error correction: denote bit and phase errors by n-bit binary strings e, e, respectively

09 > —— (1t y 4 e)

V |C2| x€C,

1
Apply |x)|0) — |x)|H\x) obtaining —| Z (-2 x +y +e) | Hye,)
2 XEC2

« Remarkix +y € C; = H(x +y +e) = Hie

i ' # —1\x+y)ey
Measure second register, obtain e, and correct — Z (-1 |x +y)
V | C2 | XEC2
H®n: 1 Z (— 1)(x+y)-ez Z (- 1)(x+Y)~z | Z) Z Z (- 1)(x+y) (z+ep) | Z)

L]
V |Gyl 27 yeCy €75 V | G2 YEC, €25

Substitute 7' = z + e,: Z (-1~ Z (=1)¥||z' - e,). Recall lemma

) V |C2|2n €74 yeC,

* Remark: + and — are the same in mod-2 arithmetic

|C2 x| o _ Xz
T 2= \/WZC( D] - )

zeC}

« Hadamard code takes Hadamard code to itself

1 :
Apply 1)10) = |x)| GI x), obtaining ——— ¥ (=1)**|2' = e;)| - Gey)

’ \/ |Cf'| ZGC%

« Measure second register and retrieve e, from —GZT e

1 !
Correct by applying X to obtain —— Z (=D ")
’ \/ | Cf' I ZEC%

1
Note how this equals H®" | —— Z (=D x 4 y) | fore, = 0

' V |C2| yeC,



Apply H®" to obtain |x +y) = | [x]?) as encoded state
y

vy

1
V1G]

1
Shifted CSS codes: define CSS,, (C;, C,) with | [x]?2) = — 2 D" x+y+v)

) ’ VIGI je,

« Lemma: Vu,v,CSS, (C|, C,) has the same coding properties as CSS(C,, ;)

« Equivalent to encoding bit / phase error ¢, e, with e, + 1, e, + v



