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Fermionic Gaussian operators have predominantly been explored within the confines of even Gaus-
sian operators with zero mean. This work considers displaced Gaussian operators with nontrivial
linear terms, leading to a broader applicability of fermionic Gaussian theory. We provide an efficient
classical simulation protocol for displaced Gaussian circuits and demonstrate their computational
equivalence to circuits composed of nearest-neighbor matchgates augmented by single-qubit gates
on an initial line. Additionally, we construct a novel unitary embedding that maps n-qubit displaced
Gaussian states into (n + 1)-qubit even Gaussian states. This embedding facilitates the extension
of existing Gaussian testing protocols to displaced Gaussian states and unitaries. Our results pro-
vide new tools for analyzing fermionic systems beyond the constraints of parity super-selection,
enhancing both the theoretical understanding and practical simulation of fermionic computation.

I. INTRODUCTION

Fermionic Gaussian operators form a crucial inter-
face between physics, computation, and mathematics.
In physics, fermionic Gaussian states correspond to free
fermions, which arise in a variety of systems, such as
the 1-dimensional Ising model and fermionic linear op-
tics, where beam splitters and phase shifters act on non-
interacting electrons [1]. These states are also founda-
tional in computational chemistry, notably within the
Hartree-Fock method for modeling molecular orbitals [2].
From a computational standpoint, fermionic Gaussian
states underpin the framework of matchgate computa-
tion, one of the few known models enabling efficient clas-
sical simulation of quantum computations [3]. Mathe-
matically, the Gaussian character of these operators con-
nects to the tractability of Gaussian integrals over Grass-
mann variables [4–6]. Similar Gaussian structures also
support classical simulation in bosonic systems, notably
stabilizer states and Clifford unitaries [7–9].

In fermionic systems, Gaussian unitaries are generated
by quadratic Hamiltonians without linear terms, reflect-
ing the dynamics of non-interacting fermions. A parity
super-selection rule in physical fermionic systems con-
strains states to definite parity and excludes Hamilto-
nians with odd terms [10, 11]; this constraint is also
linked to the symmetry of fermion number conserva-
tion, whose observable manifests as the parity operator.
Consequently, the study of fermionic Gaussian computa-
tion has predominantly focused on even Gaussian opera-
tors, which also conveniently exhibit a more manageable
mathematical structure due to commutativity properties.
However, in representations of fermionic algebra on non-
fermionic platforms, such as 1-dimensional spin chains
or qubit systems via the Jordan-Wigner transformation,
the parity super-selection rule is more a mathematical
convenience than physical necessity. It limits the scope
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of Gaussian analysis by excluding certain operators and
states; this impacts applications like fermionic convolu-
tion and variational characterizations Gaussianity [12].

This work addresses the limitations of conventional
fermionic Gaussian theory imposed by the parity super-
selection rule. To broaden the applicability of Gaus-
sian theory in fermionic systems, we focus on displaced
Gaussian states and unitaries—those with nontrivial lin-
ear terms in addition to quadratic ones. A high-level
mathematical reduction, connecting the Lie algebras of
displaced and even Gaussian operators, was proposed in
[13], and displaced Gaussian operators have explored in
terms of their channel capacities [14]. However, a frame-
work linking displaced Gaussian computation with the
more extensively studied even Gaussian (or matchgate)
computation remains undeveloped. This gap is signif-
icant given that even Gaussian computation has been
deeply investigated in areas such as magic states, sim-
ulability, and resource theory [15–19]. Throughout this
work, we use “Gaussian” to refer specifically to zero-mean
cases, reserving “displaced Gaussian” for the general non-
zero mean scenarios.

This work extends the scope of fermionic Gaussian the-
ory by examining displaced Gaussian operators and sit-
uating them within the broader landscape of even Gaus-
sian operators. A central challenge motivating this study
is the ambiguity in defining displaced Gaussian states
across differing interpretations of Gaussianity. Defini-
tions of even Gaussian states vary by context: some
computational works define them as the orbit of com-
putational basis states under Gaussian unitaries [18, 20],
while other physics-motivated works identify them as the
thermal states of quadratic Hamiltonians [2, 21]. An al-
ternative approach rooted in phase-space analysis char-
acterizes Gaussian states by the quadratic form of their
Grassmann representations [4, 14]. Extending these def-
initions to displaced Gaussian states raises consistency
challenges. Though prior work on the Lie algebra embed-
dings of displaced Gaussian computation has suggested
the classical simulability of such operators by generating
a subalgebra of polynomial dimension [13], an explicit
reduction from displaced to even Gaussian computation
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has yet to be fully articulated.
The main deliverables of this work are as follows: first,

we unify the displaced extensions of the aforementioned
definitions of even Gaussian states. Second, we intro-
duce an efficient classical simulation algorithm for dis-
placed Gaussian circuits and demonstrate that displaced
Gaussian computation is generated by nearest-neighbor
matchgates augmented with single-qubit gates on the ini-
tial line. Finally, we construct a novel unitary embedding
that maps displaced Gaussian states into even Gaussian
states, providing a bridge between the study of even and
displaced fermionic Gaussian operators. Leveraging this
embedding, we extend recent findings [12] to develop op-
erational tests for identifying classically simulable dis-
placed Gaussian states and unitaries.

Section II introduces displaced Gaussian operators and
provides a review of the Jordan-Wigner transformation,
matchgates, and existing results for even fermionic Gaus-
sian operators. Section III examines the main properties
of displaced Gaussian unitaries and states. Section IV
presents a simulation protocol for displaced Gaussian cir-
cuits, highlighting the practical implications of our find-
ings. Finally, Section V details the construction of the
even Gaussian embedding and illustrates its application
in constructing tests for displaced Gaussian components.

II. PRELIMINARIES

A system of n fermionic modes is associated with 2n
Hermitian, traceless and Majorana operators {γj}2nj=1

which generate a Clifford algebra C2n according to the
anticommutation relations

{γj , γk} = 2δjkI. (II.1)

They are related to the real and imaginary parts of the
creation and annihilation operators by

γ2j−1 = aj + a†j , γ2j = i(aj − a†j). (II.2)

Using the Jordan-Wigner transform [22], the Majorana
operators can also be identified with products of Pauli
operators on the operator space Hn of n qubits:

γ2j−1 = Z⊗(j−1) ⊗X ⊗ I⊗(n−j),

γ2j = Z⊗(j−1) ⊗ Y ⊗ I⊗(n−j).
(II.3)

Since permuting the tensor products does not change the
anticommutation relations, the representation remains
valid if we permute the qubits 1, . . . , n. We identify the
initial line of the circuit with the first subspace in equa-
tion II.3, and two qubits are nearest neighbors if they are
adjacent in the tensor product.

Given an ordered subset (multi-index) J ⊂ [2n], we
denote the size of the subset J by |J | and define γJ to
be the ordered product γJ =

∏
j∈J γj indexed by J . The

products {γJ}J⊂[2n] form an orthonormal basis, so every

operator A ∈ C2n ∼= Hn has a Majorana expansion

A =
1

2n

∑
J⊂[2n]

AJγJ , AJ = Tr(γ†JA) ∈ C. (II.4)

The coefficients {AJ} are also called the “moments” of
A. It is also useful to introduce 2n self-adjoint Grass-
mann generators {ηj}2nj=1 which generate a Grassmann al-
gebra by the anticommutation relation {ηj , ηk} = 0. The
Fourier transform ΞA(η) ∈ G2n is computed by multiply-
ing 2n and substituting the generators in equation II.4,
with ηJ defined analogously:

ΞA(η) =
∑

J⊂[2n]

AJηJ . (II.5)

We identify the mean and the covariance of an opera-
tor A ∈ C2n with the first and second-order moments
{Aj}2nj=1 = {µ(A)j}, {Ajk}2nj,k=1 = {Σ(A)jk}. These de-
fine the antisymmetric extended covariance matrix of A

Σ̃(A) =

[
Σ(A) iµ(A)

−iµ(A)T 0

]
∈ so(2n+ 1,C). (II.6)

Note that Σ̃(ρ),Σ(ρ) are purely imaginary for a Hermi-
tian state ρ. They are normalized so that Σ(ρ ⊗ I) =
Σ(ρ) ⊕ 02×2. It is also convenient to define the raw ex-
tended covariance matrix

Σ̄(A) =
1

2n
Σ̃(A). (II.7)

Given a multi-index J ⊂ [2n+1], we denote the |J |× |J |
antisymmetric matrix restriction of Σ̃(J) onto the sub-
spaces indexed by J according to[

Σ̃(ρ)|J

]
ab

= Σ̃(ρ)JaJb
. (II.8)

Definition II.1 (displaced Gaussian unitary). U ∈ C2n
is a displaced Gaussian unitary if

U = exp

(
1

2
γThγ + idT γ

)
(II.9)

where h = Σ(logU) ∈ so(2n,R) is real, antisymmetric
and d ∈ R2n. It is a (even) Gaussian unitary if d = 0.

We denote the group of even or displaced Gaussian uni-
taries on n qubits by G(n) or DG(n) ⊂ C2n, respectively.
It is known that U ∈ G(n) conjugates the Majorana op-
erators by a rotation [23, Theorem 3]:

UγjU
† =

2n∑
k=1

Rkjγk, R = exp
[
2 Σ̄(logU)

]
. (II.10)

Here logU = iH is understood to be quadratic in the
Majorana operators. Among the Gaussian unitaries, a
special subset which only act nontrivially on two nearest-
neighbor lines are called nearest-neighbor matchgates, or
n.n matchgates. Every Gaussian unitary on n lines has
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a local circuit decomposition into O(n3) n.n matchgates
([23], Theorem 5). In light of equation II.10, the n.n.
matchgates effect rotations which act nontrivially on sub-
spaces 4m−3, . . . , 4m or 4m−1, . . . , 4m+2 for some m.

The following definition can be found in [14]. Observe
that iM = µ(ρ) and d = µ(ρ).

Definition II.2 (displaced Gaussian state). A n-qubit
state ρ ∈ C2n is a displaced Gaussian state if its Fourier
transform admits a Gaussian expression:

Ξρ(η) = exp

(
i

2
ηTMη + dT η

)
(II.11)

where M ∈ so(2n,R) and d ∈ R2n. It is a (even) Gaus-
sian state if its mean d = 0.

We denote the set of even and displaced Gaussian
states by Gauss(n) and DGauss(n) ⊂ C2n, respec-
tively. A displaced Gaussian state is completely charac-
terized by its extended covariance matrix (equation II.6).
A special class of diagonalized Gaussian states consists
of separable products of computational basis states: for
some set of λj ∈ [−1, 1],

ρD =

n⊗
j=1

1 + λjZ

2
, Σ(ρD) =

n⊕
j=1

(
0 λj

−λj 0

)
.

(II.12)
Given A ∈ so(2n,C), there exists ρ ∈ Gauss(n) such
that Σ(ρ) = A if and only if −ATA ≤ I [4].

III. DISPLACED GAUSSIAN THEORY

In this part we describe the main results about dis-
placed Gaussian states and unitaries which generalize the
even Gaussian counterparts. In particular, we see that
every ρ ∈ DGauss(n) is identified with the antisym-
metric extended covariance Σ̃, upon which U ∈ DG(n)
conjugates by a rotation. These results rigorously sub-
stantiate the intuition that the nonzero mean of displaced
Gaussian operators can be effectively treated as the co-
variance on one more mode.

One advantage of defining Gaussian states according
to its Fourier property is that expanding the exponential
in equation II.11 yields the following extended Wick’s
formula. Recall equation II.8 for the following result:
given J ⊂ [2n], let J̃ = J ∪ {2n+ 1} if |J | is odd else J ;
also define the scalar factor α|J| = (−i)|J| mod 2.

Proposition III.1. Every ρ ∈ DGauss(n) satisfies

ρ =
1

2n

∑
J⊂[2n]

α|J|Pf
[
Σ̃(ρ)|J̃

]
γJ . (III.1)

A combinatorial proof is provided in Appendix B. Us-
ing the Lie algebra embedding identified by Knill [13],
we derive the formula for UγJU† where U ∈ DG(n).

In combination with Wick’s formula, this yields the fol-
lowing displaced generalization of equation II.10. Here
logU = iH is proportional to the Hamiltonian quadratic
in the Majorana operators, and Σ̄ denotes the raw ex-
tended covariance matrix in equation II.7.

Theorem III.2. Given U ∈ DG(n), ρ ∈ DGauss(n)
where H is quadratic in the Majorana operators, the ex-
tended covariance of UρU† ∈ DGauss(n) is

Σ̃(UρU†) = R Σ̃(ρ)RT , R = e2Σ̄(logU). (III.2)

The detailed proof can be found in Appendix C. The
main insight here is that under DG(n), Majorana mono-
mials of odd degree 2m−1 transform like an even mono-
mial of degree 2m on one more mode; in particular, the
linear term µjγj of a displaced Gaussian operator trans-
forms as the covariance term iµjγjγ2n+1.

Even Gaussian states have been defined as those ad-
mitting a Gaussian Fourier expression [4, 14], the orbit of
computational basis states under G(n) [18, 20], or ther-
mal states of purely quadratic Hamiltonians [2, 21]. Our
definition of DGauss extends the first definition, yet it is
equally plausible to adopt the displaced extensions of the
circuit or thermal state definitions. Using theorem III.2,
we show in Appendix D that all three definitions are in
fact the same. This characterization bridges the physical,
computational, and mathematical properties of displaced
Gaussian states.

Theorem III.3. ρ ∈ C2n is a displaced Gaussian state
(equation II.11) iff it satisfies any of the following:

1. Thermal state: there exists a quadratic Hamilto-
nian H ∈ C2n such that ρ is its thermal state:

ρ =
e−H

Tr(e−H)
, H =

i

2
γThγ + dT γ. (III.3)

Here h ∈ so(2n,R) is real antisymmetric and d ∈
R2n. A pure state ρ is a displaced Gaussian state iff
it is the ground state of some H of the form above.

2. Circuit output: ρ results from applying a dis-
placed Gaussian unitary UG ∈ DG(n) to a diag-
onalized Gaussian state ρD, i.e. ρ = UGρDU

†
G.

The proof proceeds by first establishing the de-
sired equivalence for diagonalized Gaussian states (equa-
tion II.12), then extending to DGauss(n) by showing
that every such state can be diagonalized by an element
of DG(n) using theorem III.2. One immediate corol-
lary is the necessary and sufficient conditions for an anti-
symmetric matrix to be the extended covariance of some
ρ ∈ DGauss(n). This extends the condition established
for even Gaussian states in [4].

Corollary III.1. A ∈ so(2n + 1,C) = Σ̃(ρG) for some
ρG ∈ DGauss(n) iff A has rank 2n and there exists R ∈
SO(2n+1) such that RA2RT ≤ I2n+1, the associated ρG
is pure iff the nonzero eigenvalues of A2 are all 1.
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IV. CLASSICAL SIMULATION

One important reason to study displaced Gaussian uni-
taries is that they yield a larger class of efficiently classi-
cally simulable quantum circuits. The circuit character-
ization of DGauss(n) in theorem III.3 also relates the
study of displaced Gaussian unitaries to the study of dis-
placed Gaussian states. In this section, we show that
displaced Gaussian circuits are equivalent to n.n. match-
gates augmented with single-qubit gates on the initial
line. We also describe the efficient classical simulation of
displaced Gaussian circuits. Detailed derivations can be
found in Appendix E.

Theorem IV.1. Every displaced Gaussian unitary U ∈
DG(n) is the product of O(n3) matchgates or single-qubit
gates on the initial line of the circuit.

Recall theorem III.2. A quadratic term γjγk for 1 ≤
j < k ≤ 2n in the Hamiltonian generates rotation be-
tween the j and k-th subspaces of the extended covari-
ance matrix. On the initial line of the Jordan-Wigner
transform, RX(θ)1 corresponds to γ1 = X1 in the Hamil-
tonian, which generates rotation between the first and
(2n+1)-th subspaces of the extended covariance matrix.
Every rotation in R2n+1 can be decomposed into O(n3)
rotations generated by n.n. matchgates or RX(θ)1.

In light of the circuit characterization in theorem III.3,
displaced Gaussian states can be understood as the orbit
of separable computational basis mixtures under DG(n).
By slightly adapting the technique from [24, Theorem 3],
we obtain the following result:

Proposition IV.2. Every n-qubit product state is a dis-
placed Gaussian state.

To complete efficient simulation, it remains to simu-
late measurements. This is facilitated by applying Grass-
mann integral techniques for Gaussian integrals, as de-
veloped in [4–6]. In particular, we can efficiently simu-
late computational basis measurements on any subset of
qubit lines. Given a subset K ⊂ [n] of lines to measure,
where |K| = k, and a bit string x ∈ 0, 1k, the associated
measurement operator is defined as follows:

O(K,x) =
1

2k

k∏
j=1

I + (−1)xjZKj
. (IV.1)

This operator acts as |x⟩⟨x| on the qubit lines indexed by
K, while it applies the identity I on all other lines.

Lemma IV.3. Given ρ ∈ DGauss(n), the expectation
value of measuring O(K,x) is

Tr[O(K,x)ρ] =
1

2k

√
det [1 + Σ(ρ)M ] (IV.2)

where M = Σ[2n−kO(K,x)] is the covariance matrix of
the even Gaussian state proportional to O.

Given a displaced Gaussian state as input, the effect of
displaced Gaussian unitaries can be determined via the-
orem III.2, and the measurement outcomes in the com-
putational basis can be computed using lemma IV.3.

Theorem IV.4. A circuit consisting of displaced Gaus-
sian unitaries, a displaced Gaussian state input, and
computational basis measurements on any subset of qubit
lines is efficiently classically simulable.

Since both n.n. matchgates and single-qubit gates act-
ing on the first line are displaced Gaussian unitaries, and
product states qualify as displaced Gaussian states, we
can conclude the following:

Corollary IV.1. A circuit comprising n.n. matchgates
and single-qubit gates on the first line, with a product
state input and computational basis measurements on any
subset of qubit lines, is efficiently classically simulable.

As discussed in [16, 24], there exists several different
classical simulation protocols for matchgate computation
with different configurations. For instance, Jozsa and
Miyake’s approach [23] exploits the degree-preserving
property of Gaussian rotations in equation II.10 simulate
product state inputs and measurements on a constant
number of qubits. Alternatively, the method introduced
by Valiant [3], later extended by Terhal and DiVincenzo
[25], leverages the algebraic properties of fermionic oper-
ators to express state-measurement overlaps as the Pfaf-
fians of cleverly constructed matrices, simulating an arbi-
trary number of measurement with computational basis
state inputs, later generalized to product-state inputs by
Brod [24]. Bravyi’s works provide another perspective by
expressing overlaps as tractable, well-studied Gaussian
Grassmann integrals [4, 5]. Extending this framework to
displaced Gaussian operators offers a cohesive perspec-
tive that both lifts the parity super-selection constraint
and implies the previous simulation protocols.

V. DISPLACED GAUSSIAN TESTING

Previous works have examined a channel embedding
that maps ρ ∈ DGauss(n) to ρ′ ∈ Gauss(n+1) [13, 14].
Such embeddings are fundamental to extending even
Gaussian properties to displaced Gaussian states. How-
ever, this channel is not purity-preserving, as S(ρ′) =
S(ρ) + 1, where S(ρ) denotes the von Neumann entropy
in bits. This lack of purity invariance poses challenges
for extending computational protocols that rely on pu-
rity, such as the fermionic Gaussian test in [12].

In this section, we introduce the first construction of
a unitary embedding, E : DGauss(n) → Gauss(n+ 1).
Leveraging this embedding, we develop operational pro-
tocols for testing displaced Gaussian states and unitaries.

Definition V.1 (even embedding channel). We define
the even embedding channel E : C2n → C2n+2 by

E(ρ) = V (ρ⊗ |+⟩⟨+|)V †. (V.1)
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Here V ∈ DG(n + 1) is the displaced Gaussian unitary
on n+ 1 lines

V = exp
(
−iπ

4
γ2n+2

)
. (V.2)

In Appendix F, we derive the following results and
show how V can be implemented by elementary gates.
We show that E preserves Gaussianity as well as purity.
Given the (2n+1)-sized extended covariance matrix Σ̃(ρ)
of an n-qubit state ρ, by a standard matrix theorem [26]
there exists a rotation R such that for each λj ∈ [−1, 1],

R Σ̃(ρ)RT =

 n⊕
j=1

(
0 −iλj
iλj 0

)⊕ (0). (V.3)

Block-decompose R into R0 ∈ R2n×2n, c ∈ R, and s, r ∈

R2n so that R =

[
R0 s
rT c

]
. We obtain the following result:

Theorem V.1. An n-qubit state ρ ∈ DGauss(n) iff
E(ρ) ∈ Gauss(n+ 1). The embedded covariance is

Σ[E(ρ)] =

 Σ(ρ) −ir iµ(ρ)
irT 0 ic

−iµ(ρ)T −ic 0

 ∈ so(2n+ 2,C).

(V.4)

The even embedding for states has a counterpart for
unitaries: given an n-qubit unitary U ∈ C2n, define

Ũ = V (U ⊗ I)V † ∈ C2n+2. (V.5)

The two embeddings are compatible by the equation

E(UρU†) = ŨE(ρ)Ũ†.

Lemma V.2. For every n-qubit unitary U ,

U ∈ DG(n) ⇐⇒ Ũ ∈ G(n+ 1). (V.6)

Given U as in equation II.9, Ũ is given by

Ũ = exp

(
1

2
γT h̃γ

)
, h̃ =

 h 02n×1 −d
01×2n 0 0
dT 0 0

 . (V.7)

We now proceed to displaced Gaussian testing. One
important tool in the study of fermionic Gaussian states
is fermionic convolution [12]. The n-qubit convolution
unitary acting 2n qubits is defined by

W = exp

π
4

2n∑
j=1

γjγ2n+j

 ∈ C4n. (V.8)

The fermionic convolution of two even states ρ, σ is

ρ⊠ σ = Tr2[W (ρ⊗ σ)W †]. (V.9)

Here Tr2 denotes partial trace over the registers of σ.
Fermionic convolution provides valuable tests for Gaus-
sian states and unitaries. We denote by ρE the fermionic

maximally entangled state, as defined in [4, Definition 6].
Our focus is on cases where |ψ⟩ and U (with U ∈ C2n)
are both even operators, leading to the following results:

1. Gaussian State Test: A state |ψ⟩ is Gaussian
iff the overlap ⟨ψ|(|ψ⟩ ⊠ |ψ⟩) = 1. This overlap is
experimentally accessible through the swap test.

2. Gaussian Unitary Test: A unitary U is Gaussian
iff its Choi state (U ⊗ In)ρE(U

† ⊗ In) ∈ G(n).

Using Gaussianity-preserving properties established in
theorem V.1 and lemma V.2, we obtain tests for the clas-
sically simulable displaced Gaussian components.

Theorem V.3. For any n-qubit ρ, U ∈ C2n:

• ρ ∈ DGauss(n) iff E(ρ) passes the test for even
Gaussian states.

• U ∈ DG(n) iff V (U ⊗ I)V † passes the test for even
Gaussian unitaries.

VI. CONCLUSION AND DISCUSSION

In this work, we presented foundational tools and re-
sults on displaced Gaussian states and their computa-
tional significance, expanding the conventional scope of
fermionic Gaussian computations by encompassing cir-
cuits not limited by the fermionic parity constraint. The
significance of displaced Gaussian states in the match-
gate framework is highlighted by their close relation to
well-studied even Gaussian circuits.

We characterized displaced Gaussian circuits as
nearest-neighbor matchgates augmented with single-
qubit gates on the initial line, unified physically and
computationally motivated characterizations of displaced
Gaussian states, and provided an simulation protocol for
displaced Gaussian circuits as well as a unitary embed-
ding of displaced Gaussian states. These results solidify
displaced Gaussian operators as a pivotal class within
matchgate computations.

Future directions may involve extending classical sim-
ulability to more flexible circuit topologies, such as allow-
ing single-line gates on non-initial lines. Additionally, the
complexity of linking displaced and even fermionic Gaus-
sian computation motivates further theoretical study of
particle-number symmetry’s role in classical simulation,
with potential applications to simulation protocols in-
spired by other physical particle types.
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Appendix A: Lie theory of Fermionic Gaussian operators

The Clifford algebra C2n forms a Lie algebra under the commutator bracket [γJ , γK ]. In this section, we examine
the subalgebras related to Gaussian and displaced Gaussian unitaries, originally defined in [13]. These constructions
are foundational, as they support many of the later results and proofs presented in this work.

Definition A.1 (Gaussian Lie algebras and groups). Let dg(n) denote the Lie algebra of quadratic polynomials

dg(n) = {aγj + bγkγl ∈ C2n|{a, b} ⊂ C, {j, k, l} ⊂ [2n]}, dim dg(n) = 2n2 + n. (A.1)

Let g(n) ⊊ dg(n) denote the Lie subalgebra of dg(n) of quadratic monomials, with dimension 2n2 − n:

g(n) = {aγjγk|a ∈ C, {j, k} ⊂ [2n], j ̸= k}. (A.2)

The image of g(n), dg(n) under the exponential map are the group G(n) of even Gaussian unitaries and DG(n) ⊋ G(n)
of displaced Gaussian unitaries, respectively.

The following isomorphism can be verified by direct computation of the Lie bracket.

Proposition A.1 (even Gaussian algebra isomorphism). The even Gaussian Lie algebra g(n) is isomophic to the
algebra of antisymmetric matrices so(2n) under φ : g(n) → so(2n) defined by:

φ(γaγb) = 2sab, sab = |a⟩⟨b| − |b⟩⟨a|, a ̸= b. (A.3)

An embedding is an injective homomorphism of algebras. The next embedding introduced in [13] is central to the
constructions we use in this work.

Definition A.2 (Clifford algebra embedding). The following map ϕ : C2n → C2n+1 is an embedding of the Clifford
algebra, extended multiplicatively from the generators according to

ϕ(γj) = iγjγ2n+1. (A.4)

For an arbitrary basis element γJ ∈ C2n of degree |J | = m, we obtain

ϕ(γJ) =

{
iγJγ2n+1 m odd,
γJ m even

. (A.5)

Since ϕ acts as an injective homomorphism by extending multiplicatively from its action on generators, it respects
the Lie bracket. Consequently, ϕ, when restricted to dg(n), provides a Lie algebra embedding dg(n) → g(n + 1).
Composing φ and ϕ yields the raw extended covariance matrix (equation II.7), and the following property explains
the ubiquity of the extended covariance matrix in the theory of displaced Gaussian operators.

Proposition A.2 (dg(n) to so(2n+ 1) embedding). The composition 2Σ̄ = φ ◦ ϕ : dg(n) → so(2n+ 1) satisfying

O =
1

2
γTMγ + dT γ ∈ dg(n) =⇒ 2Σ̄(O) = 2

[
M id

−idT 0

]
∈ so(2n+ 1,C) (A.6)

is an isomorphism between the antisymmetric Lie algebra and the displaced Gaussian algebra.

Observe that the quadratic terms 2Σ̄(γjγk) = 2sjk, where 1 ≤ j < k ≤ 2n, generate rotations between the j, k-th
subspaces, while the linear terms 2Σ̄(γj) = 2isj(2n+1) induce rotations between the j-th and (2n+ 1)-th subspaces.
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Appendix B: Wick’s formula

Definition B.1 (Pfaffian). Given an antisymmetric matrix M ∈ so(2n,C), the Pfaffian of M is defined by

Pf(M) =
1

2nn!

∑
σ∈S2n)

n∏
l=1

Mσ(2l−1),σ(2l). (B.1)

Given an even multi-index J ⊂ [n] with |J | = 2m, we denote by M|J ⊂ so(|J |,C) the restriction of M to the subspaces
indexed by J . The component formula and Pfaffian are, correspondingly

(
M|J

)
jk

=MJjJk
=⇒ Pf

(
M|J

)
=

1

2mm!

∑
σ∈S2m)

m∏
l=1

MJσ(2l−1)Jσ(2l)
. (B.2)

A displaced Gaussian state is completely specified by its extended covariance. The following result slightly gener-
alizes Wick’s formula for even Gaussian states [2] to the nonzero-mean case. It is the anti-commuting counterpart of
the classical Isserlis-Wick theorem for computing the higher-order moments of multivariate Gaussian distributions.

Proposition B.1 (restatement of proposition III.1). The Jth moment of a displaced Gaussian state ρ, is expressible
in terms of Σ̃(ρ) using the following formula:

ρJ = α|J|Pf
[
Σ̃(ρ)|J̃

]
, J̃ =

{
J |J | even
J ∪ {2n+ 1} |J | odd

, α|J| = (−i)|J| mod 2 (B.3)

Here Σ̃(ρ)|J̃ denotes the restriction of Σ̃(ρ) to the subspaces indexed by J̃ as in equation B.2. Equivalently,

ρ =
1

2n

∑
J

ρJγJ =
1

2n

∑
J

α|J|Pf
[
Σ̃(ρ)|J̃

]
γJ . (B.4)

Proof. We begin by denoting the covariance and mean vectors as Σ = Σ(ρ) and µ = µ(ρ), respectively. Expanding
the Fourier transform definition, we have:

Ξρ(θ) =
∑
J

ρJθJ =

2n∑
k=1

1

k!

(
1

2
θTΣθ + µT θ

)k

=

n∑
k=1

1

k!

[(
1

2
θTΣθ

)k

+ k

(
1

2
θTΣθ

)k−1 (
µT θ

)]
.

(B.5)

This last equality holds because only two terms in the binomial expansion of each k-th power are non-zero. In
particular, any term containing more than one factor of (µT θ) vanishes since (µT θ)2 = 0. Hence, we obtain:(

1

2
θTΣθ + µT θ

)k

=

(
1

2
θTΣθ

)k

+ k

(
1

2
θTΣθ

)k−1 (
µT θ

)
. (B.6)

Now, consider the case where |J | = 2m (i.e., J has even degree). According to equation B.5, the coefficient ρJ is
found as the term in front of θJ in the expansion:

1

2mm!

 2n∑
j,k=1

Σjkθjθk

m

=
∑

|K|=2m

1

2mm!

∑
σ∈S2m

m∏
l=1

ΣKσ(2l−1)Kσ(2l)
θK

=
∑

|K|=2m

Pf
(
Σ|K

)
θK =

∑
|K|=2m

Pf
[
Σ̃(ρ)|K

]
θK .

Here, the first equality follows from the combinatorics, the second from equation B.2, and the final line follows
by applying equation B.3, noting that the sum is over multi-indices K ⊂ [2n] of size |J | = 2m. This completes
the proof for even-degree J . For odd |J | = 2m − 1, we focus on the odd term in equation B.5, which expands to

1
(m−1)!

(
1
2θ

TΣθ
)m−1

(dT θ). Here, ρJ corresponds to the term in front of θJ in this expansion. Since µT θ is the sole odd
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term in this product, it commutes with every other term. This justifies the introduction of an additional Grassmann
variable. Writing θ̃ = (θ1, . . . , θ2n, θ2n+1), ρJ corresponds to the coefficient of θJ̃ in:

1

(m− 1)!

(
1

2
θTΣθ

)m−1

(µT θ) 7→ 1

(m− 1)!

(
1

2
θ̃T
[

Σ 02n×1

01×2n 0

]
θ̃

)m−1(
1

2
θTµ · θ2n+1 −

1

2
θ2n+1 · µT θ

)
= (−i) 1

(m− 1)!

(
1

2
θ̃T
[

Σ 02n×1

01×2n 0

]
θ̃

)m−1(
1

2
θ̃T
[
02n×2n iµ
−iµT 0

]
θ̃

)
= (−i)

∑
|K|=2m,2n+1∈K

Pf
[
Σ̃(ρ)|K

]
θ̃K .

This completes the proof that for odd-degree J that ρJ = (−i)Pf
[
Σ̃(ρ)|J̃

]
.

Appendix C: Conjugate action of DG(n)

The first step in understanding displaced Gaussian operators is characterizing the conjugate action of DG(n).
We begin by identifying this conjugate action on dg(n) ⊂ C2n, which turns out to be a rotation of the quadratic
polynomials. We next show that this property tensorizes properly, yielding a compact form for conjugation on C2n.
Finally, we derive the conjugate action of displaced Gaussian unitaries on displaced Gaussian states.

Lemma C.1 (displaced Gaussian action on dg(n)). Given O ∈ dg(n) and displaced Gaussian unitary U ∈ DG(n)

O =
1

2
γTMγ + vT γ, U = eB , B =

1

2
γThγ + idT γ ∈ dg(N). (C.1)

The conjugate action of U on O satisfies, for logU = B ∈ dg(n),

Σ̃(UOU†) = R Σ̃(O)RT , R = e2Σ̄(logU). (C.2)

We can expand the definitions to obtain the explicit formula:

UOU† =
1

2
γTAγ + uT γ where

[
A iu

−iuT 0

]
= R

[
M iv

−ivT 0

]
RT , R = exp

(
2

[
h −d
dT 0

])
. (C.3)

Setting M = 0 and d = 0 specializes to the known action of even Gaussian unitaries ([23, Theorem 3]).

Proof. Using the Baker-Campbell-Hausdorff formula, conjugation is determined by the Lie bracket on dgn:

UOU† = eBOe−B = O + [B,O] +
1

2!
[B, [B,O]] +

1

3!
[B, [B, [B,O]]] + . . .

=

∞∑
n=0

1

n!
adn

B(O), adB(O) = [B,O].

Using the compatibility of the adjoint map with 2Σ̄ (proposition A.2) yields

2Σ̄(UOU†) =

∞∑
n=0

1

n!
adn

2Σ̄(B)[2Σ̄(O)] = e2Σ̄(B)2Σ̄(O)e−2Σ̄(B). (C.4)

Lemma C.2. Given U = exp
(
γThγ/2

)
∈ G(n), its conjugate action affects a Majorana basis element γJ by anti-

symmetrized rotation within the degree-m subspace:

UγJU
† =

∑
|K|=|J|

RK̂,JγK , R = e2h. (C.5)

Here the sum is over all size-m multi-indices (sorted subsets of [2n]), and RK̂,J denotes the following antisymmetrized
product defined for |J | = |K| = m (for example, R

[̂a,b],[c,d]
= RacRbd −RbcRad):

RK̂,J =
∑

σ∈Sm

sgn(σ)

|J|∏
i=1

RKσ(i),Ji
. (C.6)
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Proof. Substituting M,d = 0 in lemma C.1 shows that U ∈ G(n) affects a rotation of the generators:

UγjU
† =

2n∑
k=1

Rkjγk, R = e2h, ∀j ∈ [2n]. (C.7)

To see how equation C.7 implies C.5, expand

UγJU
† =

m∏
j=1

UγJjU
† =

m∏
j=1

(
2n∑
k=1

Rk,Jjγk

)

=

(
2n∑

K1=1

RK1,J1
γK1

)
· · ·

(
2n∑

Km=1

RKm,Jm
γK1

)

=

2n∑
K1=1

· · ·
2n∑

Km=1

(
m∏
i=1

RKi,Ji

)
γK =

∑
|K|=m

RK̂,JγK .

In the last equality, the (K1, · · ·Km) cannot contain duplicates due to the orthogonality of R and the elements of J
being distinct: it is insightful to investigate the m = 2 case, in which case the duplicate terms sum to

2n∑
k=1

Rk,J1
Rk,J2

γ2k = 2I(RTR)J1,J2
= 0.

Consequently, the sum over distinct (K1, · · · ,Km) can be decomposed into a sum over sorted (K1, · · · ,Km) together
with a sum over all permutations over Sm, yielding the desired equation.

We are now ready to prove the conjugate action of DG(n) on all of C2n. Recall the definition of J̃ in B.1 and the
antisymmetrized product RL̂,J in equation C.6. The following result shows that conjugating γJ by U is equivalent to
adjoining an additional γ2n+1 using ϕ, rotating the even basis γJ̃ using the antisymmetrized R as in equation C.6,
then deleting the adjoined mode.

Theorem C.3 (displaced Gaussian action on C2n). Given U ∈ DG(n) ⊂ C2n effecting R ∈ SO(2n+1) per lemma C.1.
its conjugate action affects a Majorana monomial γJ ∈ C2n by the following equation:

UγJU
† =

∑
|K̃|=|J̃|

R ̂̃K,J̃
γK (C.8)

where the sum is over all multi-indices K ⊂ [2n] such that |K̃| = |J̃ |.

Proof. Recall equation A.5 and let ϕ(γJ) = α|J|γJ̃ , where α|J| = i|J| mod 2. Let U = eB ∈ DG(n) with B quadratic
and Ũ = ϕ(eB) = eϕ(B) ∈ G(n+ 1), we obtain

ϕ(UγJU
†) = ϕ

[ ∞∑
n=0

1

n!
adnB(γJ)

]
=

∞∑
n=0

1

n!
adnϕ(B)[ϕ(γJ)] = eϕ(B)ϕ(γJ)e

−ϕ(B) = α|J|ŨγJ̃ Ũ
†.

Let R = e2Σ̄(logU) ∈ SO(2n + 1) be the rotation corresponding to U in lemma C.1, and R̃ ∈ SO(2n + 2) be the
rotation corresponding to the even Gaussian unitary Ũ . They are related by

R̃ = exp

(
2

[
h −d
dT 0

]
⊕ (0)

)
= R⊕ (1) ∈ SO(2n+ 2). (C.9)

Invoking lemma C.2 on the even conjugate action ŨγJ̃ Ũ
† yields

ϕ(UγJU
†) = α|J|ŨγJ̃ Ũ

† = α|J|
∑

|K̃|=|J̃|,K̃⊂[2n+2]

R̃ ̂̃K,J̃
γK̃ = α|J|

∑
|K̃|=|J̃|,K̃⊂[2n+1]

R ̂̃K,J̃
γK̃

The last equality holds in light of equation C.9: we can ignore the (2n + 2)-th subspace since the conjugated term
ϕ(γJ) does not contain γ2n+2 and R̃ acts trivially on this subspace. Noting that α|J| = α|K| for |K̃| = |J̃ | (since αJ

only depends on the degree), apply ϕ−1 to both sides yields the desired relation.
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To analyze how a displaced Gaussian unitary acts on Gaussian states, we need a lemma concerning the Pfaffian.

Lemma C.4. Given an antisymmetric covariance matrix A ∈ so(2n,C) and a rotation matrix R ∈ SO(2n,R), the
following equation holds for all m = 1, . . . , n:∑

|K|=|J|=2m

Pf
(
A|J
)
RK̂,JγK =

∑
|J|=2m

Pf
[
(RART )|J

]
γJ (C.10)

with RK̂,J as defined in equation C.6; the left-hand sum is over even multi-indices J,K ⊂ [2n] with |J | = |K| = 2m.

Proof. It is known that ([23], Theorem 3), given an even Gaussian state ρ and U = eB ∈ G(n), the state UρU†

remains even Gaussian and has the following covariance matrix:

Σ(UρU†) = RΣ(ρ)RT , R = e2Σ̄(B).

Let A = Σ(ρ), apply Wick’s formula B.1 to UρU† to obtain the right-hand side of equation C.10:

UρU† =
1

2n

∑
J

Pf
[
Σ(UρU†)|J

]
γJ =

1

2n

∑
J

Pf
[
(RART )|J

]
γJ .

To obtain the left-hand side in equation C.10, apply lemma C.2 to each term in the Wick’s formula expansion of ρ:

UρU† =
1

2n

∑
J

Pf(A|J)UγJU
† =

1

2n

∑
J

Pf(A|J)
∑

|K|=|J|

RK̂,JγK .

To conclude the proof, the two expressions for UρU† implies the following equation, which must also hold for each
degree |J | = |K| = 2m separately since addition does not change the degree of a term:∑

J

Pf
[
(RART )|J

]
γJ =

∑
J

Pf(A|J)
∑

|K|=|J|

RK̂,JγK .

Theorem C.5 (restatement of theorem III.2). Applying a displaced Gaussian unitary U ∈ G(n) to ρ ∈ DGauss(n)
results in a displaced Gaussian state with the extended covariance matrix

Σ̃(UρU†) = R Σ̃(ρ)RT where R = e2Σ̄(logU). (C.11)

Here logU ∈ dg(n) is proportional to the quadratic Hamiltonian generating U , and Σ̄ is defined in equation II.7.

Proof. The first equality below follows from applying Wick’s formula B.1 to UρU†. It remains to demonstrate the
second inequality in

1

2n

∑
J⊂[2n]

αJPf
[
Σ̃(UρU†)|J̃

]
γJ = UρU† =

1

2n

∑
J⊂[2n]

αJPf
[
(RΣ̃(ρ)RT )|J̃

]
γJ .

To do so, apply theorem C.3 to each term in the Wick expansion of ρ to obtain

UρU† =
1

2n

∑
J

αJPf[Σ(ρ)J̃ ]UγJU
† =

1

2n

∑
J

αJPf[Σ(ρ)J̃ ]
∑

|K̃|=|J̃|

R ̂̃K,J̃
γK .

Noting that αJ only depends on |J |, invoking lemma C.4 with (J̃ , K̃) in place of (J,K) concludes the proof:

UρU† =
1

2n

∑
J

∑
|K̃|=|J̃|

αJPf[Σ(ρ)J̃ ]R ̂̃K,J̃
γK =

1

2n

∑
J

αJPf
[
(RΣ(ρ)RT )|J

]
γJ .
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Appendix D: Characterization of displaced Gaussian states

In this section, we unify three reasonable definitions of displaced Gaussian states and show that they are equivalent.
This is done by first establishing this characterization for a special diagonalizable subclass of displaced Gaussian states,
then extending this result by showing that the full set of displaced Gaussian states is the orbit of the diagonalizable
Gaussian states under DG(n).

Definition D.1 (diagonalized Gaussian states). A displaced Gaussian state ρD ∈ C2n is a diagonalized Gaussian
state if its extended covariance matrix is block-diagonalized:

Σ̃(ρD) = i

 n⊕
j=1

[
0 λj

−λj 0

]⊕ (0) ∈ so(2n+ 1,C).

Lemma D.1 (diagonalizable Gaussians are separable computational basis mixtures). With λ1 as in definition D.1:

ρD =

n⊗
j=1

(
1 + λj

2
|0⟩⟨0|+ 1− λj

2
|1⟩⟨1|

)
.

Proof. Expand the Grassmann expression of ρD(θ) using the covariance matrix:

ρD(θ) = exp

[
1

2
θTΣ(ρD)θ

]
= exp

 n∑
j=1

λjθ2j−1θ2j

 =

n⊗
j=1

exp(iλjθ1θ2) =

n⊗
j=1

1 + iλjθ1θ2 (D.1)

Replacing θj 7→ γj and recognizing iγ1γ2 = Z yields the desired equation

ρD =
1

2n

n⊗
j=1

1 + iλjγ1γ2 =

n⊗
j=1

1 + iλjγ1γ2
2

=

n⊗
j=1

1 + λjZ

2
=

n⊗
j=1

(
1 + λj

2
|0⟩⟨0|+ 1− λj

2
|1⟩⟨1|

)
(D.2)

Lemma D.2 (diagonalizable Gaussian states as thermal states). Every diagonalizable Gaussian state ρD ∈ C2n as in
definition D.1 is the thermal (ground) state of a quadratic Hamiltonian H ∈ g(n):

ρD =
eH

Tr(eH)
, H =

i

2
γThγ, h =

n⊕
j=1

[
0 tanh−1λj

−tanh−1λj 0

]
(D.3)

Proof. Using lemma D.1: w.l.o.g. we can consider a single-qubit with h1 = arctan(λj)(|0⟩⟨1| − |1⟩⟨0|), then

H1 =
i

2

(
γ1
γ2

)T (
0 tanh−1λ

−tanh−1λ 0

)(
γ1
γ2

)
= (tanh−1λ)Z

The thermal state of H1 is 1
2 [(1 + λ)|0⟩⟨0|+ (1− λ)|1⟩⟨1|]. Pure states with λ = ±1 are defined as the limit.

Lemma D.3 (diagonalizability of displaced Gaussian states). For every displaced Gaussian state ρ ∈ C2n, there exists
U ∈ DG(n) such that UρU† is a diagonalized Gaussian state. If ρ is an even Gaussian state, then U will be even.

Proof. By standard matrix theory [26], for every A ∈ so(m,R) there exists a rotation R ∈ SO(m,R) such that RART

is block-diagonal. lemma C.1 shows that the displaced Gaussian unitaries DG(n) ∼= SO(2n + 1) and that rotations
acting trivially on the last subspace are generated by the even Gaussian unitaries. Given a displaced Gaussian state
ρ, Σ̃(ρ) is antisymmetric thus block-diagonalizable by the conjugate action of some U ∈ DG(n) per theorem C.5. If
ρ is even, Σ̃(ρ) is trivial on the last subspace thus block-diagonalizable by U ∈ G(n).

Theorem D.4 (restatement of theorem III.3). A n-qubit state ρ ∈ DGauss(n) iff any of the following holds:

1. Thermal state definition: ρ is the thermal state of some quadratic Hamiltonian H ∈ dg(n),

ρ =
eH

Tr(eH)
, H =

i

2
γThγ + dT γ. (D.4)

If ρ is pure, then ρ is the ground state of some quadratic Hamiltonian.
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2. Circuit definition: ρ is the result of a displaced Gaussian unitary acting on a separable computational basis state:

ρ = UGρDU
†
G, UG ∈ DG(n), ρD diagonal Gaussian. (D.5)

3. Fourier definition: The Fourier transform of ρ admits a Gaussian expression:

Ξρ(θ) = exp

(
i

2
θTMθ + dT θ

)
(D.6)

Proof. (3 =⇒ 1 and 2): given ρ ∈ C2n with a Gaussian Fourier expression, lemma D.3 provides UG ∈ DG(n) such
that UρU† = ρD is a diagonalized Gaussian state, from which (2) immediately follows. lemma D.2 implies that
ρD ∝ eHD for some quadratic HD, thus ρ = U†ρU ∝ eU

†
GHDUG is the thermal state of the Hamiltonian U†

GHDUG

which remains quadratic by lemma C.1. The implication (2 =⇒ 3) follows from theorem C.5, and (1 =⇒ 3) follows
from block-diagonalizing Σ̃(H) using UG such that UGρU

†
G = ρD, identifying the Fourier expression of ρD, then

applying theorem C.5 to U†
GρDUG = ρ.

Appendix E: Classical simulation of displaced Gaussian circuits

It has been shown that every U ∈ G(n) has a decomposition into O(n3) local n.n. matchgates which act on at
most two consecutive lines [23, Theorem 5]. The following result extends this decomposition by applying the same
technique slightly adopted to displaced Gaussian states.

Theorem E.1 (restatement of theorem IV.1). Every U ∈ DG(n) can be decomposed into the product of O(n3) gates
which are either matchgates or single-qubit gates on the initial line of the Jordan-Wigner transform.

Proof. Proposition A.2 shows that DG(n) ∼= SO(2n+ 1). Examining the embedding equation for the rotation R,

logR = 2Σ̄

(
1

2
γTCγ + dT γ

)
= 2

[
C id

−idT 0

]
,

we see that the quadratic forms 1
2γ

TCγ generate rotations within the first 2n subspaces. Single-qubit gates can be
generated using Rz (a matchgate) along with Rx, where Rx(θ) = exp(iθX/2) = exp(iθγ1/2), to create rotations
between the first and (2n + 1)-th subspaces under 2Σ̄. An element of SO(2n + 1) can be decomposed into O(n2)
rotations between pairs of subspaces via the method of Euler angles [27]. Further, each rotation between two arbitrary
subspaces can be implemented with O(n) rotations between the (j, k)-th subspaces (for 1 ≤ j < k ≤ 2n) or between
the first and (2n + 1)-th subspaces. Thus, the total decomposition requires O(n3) gates, each of which is either a
matchgate or a single-qubit gate on the initial line of the Jordan-Wigner transform.

The proposition below was essentially shown in Theorem 3 in [24].

Proposition E.2 (restatement of proposition IV.2). Every n-qubit product state is a displaced Gaussian state.

Proof. We use the fermionic swap unitary first defined in [28]

Sj↔k = exp
[π
4
(γ2j−1γ2k − γ2jγ2k−1 − γ2j−1γ2j − γ2k−1γ2k)

]
= Sk↔j = −S†

j↔k. (E.1)

The fermionic swap acts as a genuine swap if any one of the input lines is even. For every pure product state

|ψ⟩ = |ψ1⟩ · · · |ψn⟩ = (U1 ⊗ · · · ⊗ Un)|0⟩⊗n, (E.2)

we can implement it by computing Un|0⟩ on the initial line, swapping it through the intermediate computational
basis states to the n-th register, then do the same for Un−1|0⟩, . . . , U1|0⟩. Since we’re only using displaced Gaussian
unitaries consisting of single-qubit states on the initial line and the fermionic swap, the resulting pure product state
is a displaced Gaussian state; mixed product states follow by the same argument.

Given a displaced Gaussian state input, the action of displaced Gaussian unitaries can be efficiently simulated by
theorem C.5. We next consider the simulation of measurements in the computational basis, which is can be done by
computing the Grassmann integral of Gaussian operators. Using Gaussian integrals to facilitate simulation has been
first considered in [4], and earlier treatments of such integrals can be found in [6, 29]. We first briefly recount the
definition of the Grassmann integral and known results for Grassmann integrals.
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Definition E.1 (Grassmann differentiation and integration). The partial derivative ∂a : Gn → Gn is the linear map

∂a1 = 0, ∂aθb = δab. (E.3)

Extended according to the Leibniz’s rule ∂a[θbf(θ)] = δabf(θ)− θb∂af(θ). Integration is equivalent to differentiation∫
dθa ≡ ∂a,

∫
Dθ ≡

∫
dθn · · ·

∫
dθ2

∫
dθ1. (E.4)

Formally, ∂a acts on a monomial θJ by commuting θa to the left (if it exists in θJ), eliminating it, then keeping
the remaining components; note that the image of ∂a has no dependence on θa. The order

∫
Dθ is chosen such

that
∫
Dθ θ1 · · · θn = 1. Formally,

∫
Dθ extracts the complex coefficient before the highest-order monomial in the

polynomial expansion of an operator. Given antisymmetric M ∈ so(2n,C), we obtain ([4], equation 12):∫
Dη exp

(
1

2
ηTMη

)
= Pf(M). (E.5)

Given a nonsingular antisymmetric matrix M ∈ so(2n,C) and two sets of Grassmann generators {ηj}2nj=1, {θj}2nj=1

which anticommute with each other, i.e. {θj , ηk} = 0, then ([4], equation 13):∫
Dθ exp

(
ηT θ +

1

2
θTMθ

)
= Pf(M) exp

(
1

2
ηTM−1η

)
. (E.6)

Given X,Y ∈ C2n with Fourier transforms ΞX(θ),ΞY (η) where θ, µ are anti-commuting Grassmann generators, the
trace of their product is ([4], equation 15):

Tr(XY ) =

(
−1

2

)n ∫
DηDθ eη

T θ ΞX(η) ΞY (θ). (E.7)

Using the formulas above, we obtain the following result which underpins the efficient simulation of measurements.
Note that it crucially requires one of the inputs to be even.

Lemma E.3 (Gaussian overlap formula). Given a n-qubit displaced Gaussian state ρ and a n-qubit even Gaussian
state σ, let A = Σ(ρ), B = Σ(σ). If B is invertible, then

Tr(ρσ) =
1

2n

√
det(I +AB). (E.8)

Proof. Since σ is even, the overlap Tr(ρσ) only depends on the even coefficients of ρ. Recalling Wick’s formula B.1,
the even coefficients of ρ are unchanged if we set the mean to zero. Thus without loss of generality expand

Ξρ(η) = exp

(
i

2
ηTAη

)
, Ξσ(θ) = exp

(
i

2
θTBθ

)
.

First consider B invertible, using the trace equation E.7 and Gaussian integral equations E.5, E.6 yields

(−2)nTr(ρσ) =

∫
DηDθ eη

T θX(η)Y (θ)

=

∫
Dη exp

(
1

2
ηTAη

)∫
Dθ eη

T θ exp

(
1

2
θTBθ

)
= Pf(B)

∫
Dη exp

[
1

2
ηT (A+B−1)η

]
= Pf(B)Pf(A+B−1).

Next note that Pf(A)2 = detA and that Tr(ρσ)since ρ, σ are positive operators, then

4nTr(ρσ)2 =
∣∣det(B) det(A+B−1)

∣∣ = |det(AB + I)|.

Finally, AB is real since A,B are each purely imaginary matrices, and det(AB+I) is positive since ∥AB∥ ≤ ∥A∥∥B∥ ≤
1 in the operator norm. This proves the result for inveritible B. For the general case, let Bϵ = B + ϵĨ where
Ĩ =

⊕n
j=1 |0⟩⟨1| − |1⟩⟨0| and ϵ≪ 1 and take ϵ→ 0.
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Lemma E.4 (restatement of lemma IV.3). Given a n-qubit displaced Gaussian state ρ ∈ C2n, a subset K ⊂ [n] of
lines to measure with |K| = k ≤ n, and a computational basis x ∈ {0, 1}k corresponding to the measurement operator

O(K,x) =
1

2k

k∏
j=1

I + (−1)xjZKj
, K ⊂ [2n], x ∈ {0, 1}k (E.9)

which is |x⟩⟨x| when restricted to the lines indexed by K. The expectation value of the measurement is

Tr [O(K,x)ρ] =
1

2k

√
det [I +Σ(ρ)Σ(K,x)]. (E.10)

Here Σ(K,x) is the antisymmetric covariance matrix associated with the measurement defined by

Σ(K,x) = −i
k∑

j=1

(−1)xjs(2Kj+1)(2Kj+2) ∈ so(2n,C), sjk = |j⟩⟨k| − |k⟩⟨j| (E.11)

Proof. Fixing K and x, let O = O(K,x). Note that I/2 is the maximally mixed state, so O = 2n−kρO where
ρO = 2k−nO ∈ DGauss. The covariance matrix of ρ(O) is

Σ(ρO) = −i
k∑

j=1

(−1)xjs(2Kj+1)(2Kj+2) = Σ(K,x).

Applying lemma E.3 concludes the proof since Tr [O(K,x)ρ] = 2n−kTr(ρOρ) = 2n−k 1

2n

√
det [I +Σ(ρ)Σ(K,x)].

Appendix F: Unitary embedding

In this section, begin by describing the first construction of a unitary embedding of n-qubit displaced Gaussian
states into (n+ 1)-qubit even Gaussian states. Leveraging this tool, we generalize a previous work [12] on fermionic
convolution and Gaussian testing to displaced Gaussian states. This yields useful operational protocols for testing
efficiently simulable displaced Gaussian components as well as other characterizations of displaced Gaussian states.

Definition F.1 (even embedding channel). The even embedding channel E : C2n → C2n+2 is defined by

E(ρ) = V (ρ⊗ |+⟩⟨+|)V † (F.1)

where V ∈ C2n+2 is the displaced Gaussian unitary defined by

V = exp
(
−iπ

4
γ2n+2

)
. (F.2)

One can verify that V effects the following transform of the Majorana generators exactly as ϕ in definition A.2:

V γjV
† = ϕ(γj) =

{
iγjγ2n+2 j < 2n+ 2

γ2n+2 j = 2n+ 2
. (F.3)

To demonstrate that this is a desirable even embedding, we need the following lemma:

Lemma F.1 (adjoining |+⟩ to an even Gaussian state). Given an even Gaussian state ρ ∈ Gauss(n) with M = Σ(ρ),
the product state σ = ρ⊗ |+⟩⟨+| is a displaced Gaussian state with extended covariance

Σ̃(σ) = Σ̃(ρ⊗ I/2) + is(2n+1)(2n+3) ∈ so(2n+ 3,C), sjk = |j⟩⟨k| − |k⟩⟨j|. (F.4)

Proof. Define τ = |+⟩⟨+| ⊗ ρ; we obtain the expansion for Ξτ as

Ξτ (θ) = Ξ|+⟩⟨+|(θ)⊗ Ξρ(θ) = exp(θ1)⊗ exp

 2n∑
j<k=1

Mjkθjθk


= exp

θ1 + 2n∑
j<k=1

Mjkθj+2θk+2

 .
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Note that the first equality relied on ρ being even. Recalling the fermionic swap unitary (equation E.1) specialized
to S = S1↔2n+1, conjugation swaps the subspaces (1, 2) ↔ (2n + 1, 2n + 2) in the extended covariance matrix
representation, then

(S1↔2n+1τS
†
1↔2n+1)(θ) = exp

θ2n+1 +

2n∑
j<k=1

Mjkθjθk

 .

We further have σ = S1↔2n+1τS
†
1↔2n+1 since fermionic swap S1↔2n+1 acts as a genuine swap gate if any of the two

lines has definite parity (i.e. is part of an even state) and ρ is even. Matching the Fourier expression with the extended
covariance matrix concludes the proof.

Theorem F.2 (restatement of theorem V.1). Given a n-qubit state ρ, E(ρ) ∈ Gauss(n+ 1) ⇐⇒ ρ ∈ DGauss(n),
in which case the covariance matrix of the embedding is

Σ[E(ρ)] =

 Σ(ρ) −ir iµ(ρ)
irT 0 ic

−iµ(ρ)T −ic 0

 ∈ so(2n+ 2), R =

[
R0 s
rT c

]
∈ SO(2n+ 1). (F.5)

Here r ∈ R2n and c ∈ R are the entries of R such that R Σ̃(ρ)RT is block-diagonal and trivial on the last subspace.
Moreover, ρ is displaced Gaussian iff E(ρ) is Gaussian.

Proof. Let Σ = Σ(ρ), µ = µ(ρ). We first prove that that ρ ⊗ |+⟩⟨+| is a displaced Gaussian state: by theorem D.4,
write ρ = U†

GρDUG for UG ∈ DG(n) then UG affects R that block-diagonalizes Σ̃(ρ). Then ρ = U†
GρDU implies

ρ⊗ |+⟩⟨+| = (U†
G ⊗ I)(ρD ⊗ |+⟩⟨+|)(UG ⊗ I)

is Gaussian since ρD ⊗ |+⟩⟨+| is Gaussian by lemma F.1. Decompose R in terms of R0, r, c as in equation F.5, the
rotation R̄ ∈ SO(2n+ 3) corresponding to UG ⊗ I, as well as the extended covariance matrix Σ̃(ρ⊗ I), are

R̄ =

 R0 02n×2 s
02×2n I2×2 01×2

rT 02×1 c

 , Σ̃(ρ⊗ I/2) =

 Σ 02n×2 iµ
02×2n 02×2 0
−iµT 0 0

 = R̄T Σ̃(ρD ⊗ I/2)R̄.

Recalling Σ̃(ρD ⊗ |+⟩⟨+|) = Σ̃(ρD ⊗ I) + is(2n+1)(2n+3) from lemma F.1, we obtain

Σ̃(ρ⊗ |+⟩⟨+|) = R̄T
[
Σ̃(ρD ⊗ |+⟩⟨+)

]
R̄ = Σ̃(ρ⊗ I/2) + iR̄T (|2n+ 1⟩⟨2n+ 3| − |2n+ 3⟩⟨2n+ 1|) R̄

= Σ̃(ρ⊗ I/2) + i

|2n+ 1⟩

 r
01×2

c

−
[
rT 02×1 c

]
⟨2n+ 1|



=


Σ −ir 02n×1 iµ
irT 0 0 ic

01×2n 0 0 0
−iµT −ic 0 0

 =⇒ Σ̃[V (ρ⊗ |+⟩⟨+|)V †] =


Σ −ir iµ 02n×1

irT 0 ic 0
−iµT −ic 0 0
01×2n 0 0 0


The last implication holds because conjugation by V swaps the (2n+ 2) and (2n+ 3)-th subspaces in Σ̃(ρ⊗ |+⟩⟨+|)
using equation F.3. We obtain the desired covariance matrix relation by noting that Σ is the restriction to all but the
last subspace. This establishes the forward direction in the equivalence; for the converse, suppose for contraposition
that E(ρ) = V (ρ⊗|+⟩⟨+|)V † is non-Gaussian; since V ∈ DG(n+1), this implies that ρ⊗|+⟩⟨+| is non-Gaussian. But
ρG ⊗ |+⟩⟨+| is displaced Gaussian if ρG is Gaussian by the reasoning above, so ρ cannot be displaced Gaussian.

The even Gaussian state embedding has a corresponding compatible embedding for Gaussian unitaries.

Lemma F.3 (restatement of lemma V.2). Let U ∈ C2n, define Ũ = V (U ⊗ I)V † ∈ C2n+2, with V being the same
unitary in the even embedding channel F.1, then for any Ũ in the image of the transformation,

U ∈ DG(n) ⇐⇒ Ũ ∈ G(n+ 1). (F.6)

The mean iγT d is transformed into covariance −i(γT d)γ2n+2, and the Gaussian expressions are

U = exp

(
1

2
γThγ + iγT d

)
⇐⇒ Ũ = exp

(
1

2
γT h̃γ

)
, h̃ =

 h 02n×1 −d
01×2n 0 0
dT 0 0

 . (F.7)
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FIG. 1. Elementary decomposition of the even embedding unitary V (equation V.2) used to embed DGauss(3).

Proof. Note ϕ(γj) = V γjV
†. Since conjugation by V is unitary, it is extended multiplicatively just as ϕ. Let

γ = (γ1, . . . , γ2n) and γ̃ = (γ1, . . . , γ2n+2), then

Ũ = ϕ(elogU ) = exp

[
ϕ

(
1

2
γThγ + iγT d

)]
= exp

[
1

2
γThγ − (γT d)γ2n+1

]
= exp

(
1

2
γ̃T h̃γ̃

)
.

We now proceed to decompose V ∈ DG(n + 1) into products of elementary gates. Recalling S = diag(1, i), let
A = S†H and CXa→b denote the controlled-not with a as control and b as target. This yields the conjugation relations

AY A† = −Z, (CXa→b)Zb (CXa→b) = ZaZb. (F.8)

Fixing n, let B =
∏n

j=1 CXj→n+1 and letting ∼= denote equivalence up to a global phase, we obtain:

ABSn+1BA
† ∼= AB exp

(
i
π

4
Zn+1

)
BA† = A exp

(
i
π

4
Z1 . . . Zn+1

)
A†

= exp
(
−iπ

4
Z1 . . . ZnYn+1

)
= exp

(
−iπ

4
γ2n+2

)
= V ∈ DG(n).

The n = 3 case is illustrated in Fig. 1 using the Qiskit library [30].
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